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CONTINUUM-WISE EXPANSIVITY AND ENTROPY FOR FLOWS
ALEXANDER ARBIETO, WELINGTON CORDEIRO AND MARIA JOSE´ PACI´FICO
Abstract. We define the concept of continuum wise expansive for flows, and we prove that
continuum wise expansive flows on compact metric spaces with topological dimension greater
than one have positive entropy.
AMS Classification: 37A35, 37B40, 37C10, 37C45, 37D45
1. Introduction
The notion of expansiveness was introduced in the middle of the twentieth century by
Utz [Ut]. Expansiveness is a property shared by a large class of dynamical systems exhibiting
chaotic behavior. Roughly speaking a system is expansive if two orbits cannot remain close to
each other under the action of the system. This notion is responsible for many chaotic prop-
erties for homeomorphisms defined on compact spaces, see for instance [Hi, Hi2, Le, Ft, Vi]
and references therein, and there is an extensive literature concerning expansive systems. A
classical result establishes that every hyperbolic f -invariant subset M is expansive. There
are many variants of the definition of expansiveness, all of them of interest, as positive ex-
pansiveness in [Sc], point-wise expansiveness in [Re], entropy-expansiveness in [B3]. In [Ma]
Man˜e´ proved that if a compact metric space admits an expansive homeomorphism then its
topological dimension is finite. In the 90s, Kato introduced the notion of continuum-wise
expansiveness for homeomorphisms [K1], and extended the result of Man˜e´ for cw-expansive
homeomorphisms.
For flows, a seminal work is [BW], where it is analyzed this concept for flows and it is proved
that some properties valid for discrete dynamics are also valid for flows. But, the definition
of expansiveness in [BW] does not admit flows with singularities or equilibrium points. Using
this definition, Keynes and Sears [KS] extend the results of Man˜e´ for expansive flows. They
proved that if a compact metric space admits an expansive flow then its topological dimension
is finite. They also proved that expansive flows on manifolds with topological dimension
greater than 1 have positive entropy.
The goal of this work is to give a definition of continuum-wise expansiveness for flows,
cw-expansiveness for short, and extend some of the results already established for discrete
dynamics for cw-expansive flows. Our main result establishes that cw-expansive continuos
flows on compact metric spaces with topological dimension greater than 1 have positive en-
tropy, extending to continuos dynamics the result of Keynes and Sears.
Throughout this paper, M denotes a compact metric space. To announce precisely our
result, let us recall some concepts and definitions already established.
A flow in M is a family of homemorphisms {Xt}t∈R satisfying X
0(x) = x, for all x ∈ M
and Xt+s(x) = Xt(Xs(x)) for all s, t ∈ R and x ∈M . A continuum is a compact connected
A. A and M.J.P. were partially supported by CNPq, PRONEX-Dyn.Syst., FAPERJ. W. C. were partially
supported by CAPES..
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set and it is non-degenerate if it contains more than one point. We denote by C(M) the set
of all continuum subsets of M .
Let Hom(R, 0) be the set of homeomorphisms on R fixing the origin and if A is a subset
of M , C0(A,R) denotes the set of real continuos maps defined on A. Define
• H(A) = {α : A→Hom(R, 0); ∃ xα ∈ Awith α(xα) = idR and α(.)(t) ∈ C
0(A,R),∀ t ∈
R};
• If t ∈ R and α ∈ H(A), X tα(A) = {X
α(x)(t)(x);x ∈ A}.
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Definition 1.1. A flow Xt is cw-expansive if for any ε > 0 there is a δ > 0 such that if
A ⊂M is a continuum and α ∈ H(A) satisfies
diam(X tα(A)) < δ, ∀t ∈ R,
then A ⊂ X(−ε,ε)(xα).
Remark 1.2. Note that in the above definition, as α(xα) = idR the orbit O(xα) guides the
shearing effect caused by displacement of A by the set of maps in H(A).
Our main result is
Theorem A. If Xt is a cw-expansive flow and the topological dimension of M is greater than
1, then the topological entropy of Xt is positive.
This paper is organized as follows: in Section 2 we prove basic properties satisfied by cw-
expansive flows; in Section 3 we use Keynes and Sears’s techniques to find good properties
in cross sections of cw-expansive flows; in Section 4 we introduce the notion of entropy for
special pairs of cross sections and we relate the entropy of this cross sections with the entropy
of the flow; in Section 5 we prove our main theorem.
2. Basic properties of cw-expansive Flows
Let M be a compact metric space and Xt a cw-expansive flow in M . In this section we
prove basic results satisfied by Xt. Given x ∈ M , let O(x) = {Xt(x), t ∈ R} be the orbit of
x. A x is a point fixed of Xt if O(x) = {x}. Recall that O(x) is regular if it is not a unique
point.
Lemma 2.1. IF Xt is a cw-expansive flow, then each fixed point of Xt is not accumulated
by regular orbits of Xt.
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Proof. The proof goes by contradiction. Let Xt(p) = p for all t ∈ R, and suppose p is
acumulated by regular orbits. Let ε = 1 and let δ > 0 be the corresponding number satisfying
the cw-expansive definition. Define
h(t) =


t+ 1, if t /∈ (−2, 1)
2t, if t ∈ [0, 1)
t
2 , if t ∈ (−2, 0)
.
By continuity of the flow respect to initial data, there is x ∈ M − {p} such that if |t| < 3
then d(Xt(x), p) < δ2 . If A = X
[0,1](x), then A is a continuum. For each t ∈ [0, 1] define
ht : R→ R by
ht = (1− t)Id+ th.
Now define α : A → Hom(R, 0) by α(Xt(x)) = ht. Then α ∈ H(A), X
s
α(A) ⊂ B δ
2
(x) if
s ∈ (−2, 1) and this set reduces to a unique point if s /∈ (−2, 1). Therefore, diam(X sα(A)) < δ
∀s ∈ R, contradicting that Xt is cw-expansive.

Let ΣR(0) = {{xi}i∈Z;xi ∈ R and x0 = 0}. If A ⊂M define
SQ(A) = {β : A→ ΣR(0);∃ xβ such that β(xβ)i →∞ when i→∞ and
β(xβ)i → −∞ when i→ −∞}.
Let SQ∗(A) ⊂ SQ(A) so that if β ∈ SQ∗(A), then for each i ∈ Z the map
fi : A→ R, fi(a) = β(a)i is continuous.
If β ∈ SQ∗(A) and i ∈ Z define X iβ(A) = {X
β(x)(i)(x); x ∈ A}.
Theorem 2.2. Let Xt be a flow without fixed points. The following properties are equivalent:
(1) Xt is cw-expansive;
(2) ∀ η > 0 there is δ > 0 so that if A is a continuum and there is α ∈ H(A) with
diam(X tα(A)) < δ ∀t ∈ R, then A is an orbit segment inside Bη(xα);
(3) ∀ε > 0 there is δ > 0 such that if A is a continuum and exists β ∈ SQ∗(A),
with β(xβ)i+1 − β(xβ)i ≤ η and supa∈A |β(a)i+1 − β(a)i| ≤ δ ∀i ∈ Z, such that
diam(X iβ(A)) < δ ∀i ∈ Z, then A ⊂ X
(−ε,ε)(xβ).
Proof. (1) ⇒ (3) : Let ε > 0 be given and δ > 0 by cw-expansivity property. Choose η > 0
such that
η + (2 sup
z∈M,|u|<η
d(z,Xu(z))) <
δ
2
.
Suppose A is a continuum and that for some β ∈ SQ∗(A), with β(xβ)i+1 − β(xβ)i ≤ η and
supa∈A |β(a)i+1 − β(a)i| ≤ δ ∀i ∈ Z, we have diam(X
i
β(A)) < η, ∀i ∈ Z. For each a ∈ A
we define a homeomorphism α(a) by α(a)(β(xβ)i) = β(a)i, ∀i ∈ Z and by linearity on each
interval (β(xβ)i, β(xβ)i+1). Then α ∈ H(A).
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Therefore, if ti = β(xβ)i, for each t ∈ [ti, ti+1),
diam(X tβ(A)) = sup
a,b∈A
d(Xβ(a)(t)(a),Xβ(b)(t)(b))
≤ sup
a,b∈A
(d(Xβ(a)(t)(a),Xt(xβ)) + d(X
t(xβ),X
β(b)(t)(b)))
≤ sup
a∈A
d(Xβ(a)(t)(a),Xt(xβ)) + sup
b∈A
d(Xt(xβ),X
β(b)(t)(b)))
= 2 sup
a∈A
d(Xt(xβ),X
β(a)(t)(a)) .
But, for each a ∈ A we have that
d(Xt(xβ),X
β(a)(t)(a)) ≤ d(Xt(xβ),X
ti(xβ)) + d(X
ti(xβ),X
β(a)i (a))
+ d(Xβ(a)i (a),Xβ(a)(t)(a))
≤ sup
z∈M,|u|≤η
d(z,Xu(z)) + η + sup
z∈M,|u|≤η
(z,Xu(z))
<
δ
2
.
Therefore,
diam(X tβ(A)) < 2
δ
2
= δ, ∀t ∈ R,
and since Xt is cw-expansive we obtain A ⊂ X(−ε,ε)(xβ).
(3) ⇒ (1): Let ε > 0 be given and δ > 0 as in item (3). Suppose A ⊂ M is a continuum
such that for some α ∈ H(A) it holds diam(X tα(A)) < δ ∀t ∈ R. By induction, define
β ∈ SQ∗(A) by β(x)0 = 0 ∀x ∈ A. Since A is compact there is t1 > 0 such that α(x)(t1) < δ
∀x ∈ A. Define β(x)1 = α(x)(t1). There is ti+1 > ti such that |α(x)(ti+1) − α(x)(ti)| < δ
∀x ∈ A, define then β(x)i+1 = α(x)(ti+1). We can define β(x)i for i < 0 similarly. Therefore
β ∈ H(A), with xβ = xα. By item (3) A ⊂ X
(−ε,ε)(xα).
(1) ⇒ (2): Since M is compact, ∀η > 0 there is ε > 0 such that X(−ε,ε)(x) ⊂ Bη(x)
∀x ∈M .
(2)⇒ (1): Since Xt has no fixed points, ∀ε > 0 there is η > 0 so that diam(X(−ε,ε)(x)) > η
∀x ∈M . 
Recall that if M and N are metric spaces, the flows Xt : M → M and Y t : N → N are
conjugate if there is a homeomorphism h : M → N mapping orbits of Xt onto orbits of Y t.
Theorem 2.3. cw-expansiviness is a conjugacy invariant.
Proof. Suppose Xt and Y t are conjugate with Y t cw-expansive. Let h : M → N be a
homeomorphism conjugating Xt to Y t. Let εM > 0 be given and εN > 0 such that if x, y ∈ N
satisfies d(x, y) < εN , then d(h
−1(x), h−1(y)) < εM . Let δN > 0 be the corresponding number
given by cw-expansivity of Y t to εN and δM > 0 such that if x, y ∈ M with d(x, y) < δM ,
then d(h(x), h(y)) < δN . Therefore, if AM ⊂ M is a continuum and αM ∈ H(AM ) is such
that diam(X tαM (AM )) < δM ∀t ∈ R we get that AN = h(AM ) ⊂ N is a continuum. For every
x ∈ AM and t ∈ R let αN (h(x))(t) be the real number such that if
h(XαM (x)(t)(x)) = Y αN (h(x))(t)(h(x))
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then αN ∈ H(AN ). Furthermore, for every t ∈ R we have:
diam(YtαN (AN )) = maxx,y∈AN
d(Y αN (x)(t)(x), Y αN (y)(t)(y))
= max
x,y∈AM
d(h(XαM (x)(t))(x)), h(XαM (y)(t))(y)))
= diam(h(X tαM (AM ))) < δN ,
because diam(X tαM (AM )) < δM . Since Y
t is cw-expansive, AN is an Y
t-orbit segment inside
BεN (xαN ). But AM = h
−1(AN ), xαN = h(xαM ) and the choice of εN imply that AM is a
Xt-orbit segment inside BεM (xαM ), proving that X
t is cw-expansive.

3. Suspensions
Let (M,d) be a compact metric space and f : M →M a homeomorphism. Let k : M → R+
be a continuous function.
Definition 3.1. The suspension of f under k is the flow Xt on the space
Mk =
⋃
0≤t≤k(y)
(y, t)/(y, k(y))(k(y), 0)
defined for small nonnegative time by Xt(y, s) = (t+ s), 0 ≤ t+ s < k(y).
Each suspension of f is conjugate to the suspension of f under 1, the constant function
with value 1. For this reason we shall concentrate on suspensions under the function 1.
Next, following [BW], we define a metric on M1. Suppose that the diameter of M under d
is less than 1.
Consider the subsetM×{t} ofM×[0, 1] and let dt denote the metric defined by dt((y, t), (z, t)) =
(1 − t)d(y, t) + td(f(y), f(z)), y, z ∈ M . Given x1, x2 ∈ M1, consider all finite chains
x1 = w0, w1, ..., wn = x2 between x1 and x2 where, for each i, either wi and wi+1 belong
to M × t for some t (in wich case we call [wi, wi+1] a horizontal segment) or wi and wi+1 are
on the same orbit (and then we call [wi, wi+1] a vertical segment).
Define the length of a chain as the sum of the lengths of its segments, where the length of a
horizontal segment [wi, wi+1] is measured in the metric dt if wi and wi+1 belongs to M ×{t},
and the length of a vertical segment [wi, wi+1] is the shortest distance between wi and wi+1
along the orbit (ignoring the direction of the orbit) using the usual metric on R.
If wi 6= wi+1 and wi and wi+1 are on the same orbit and on the same set M ×{t} then the
length of the segment [wi, wi+1] is taken as dt(wi, wi+1), since this is always less than 1.
Then define d(x1, x2) to be the infimum of the lengths of all chains between x1 and x2. It
is easy to see that d is a metric on M1. This metric d gives the topology on M1.
Theorem 3.2. Let φ : Y → Y be a homeomorphism and f : M → R+ a continuous map.
The suspension of φ under f is cw-expansive if and only if φ is cw-expansive.
Proof. We need only show the result when f ≡ 1. Suppose that Xt is cw-expansive. Let
1
2 > ε > 0 be given and δ > 0 be the corresponding constant determined by cw-expansivity.
If A ⊂ Y is a continuum with diam(φn(A)) < δ ∀n ∈ Z, denoting AM = A × {0}, and
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x1 = (x, 0), then for all t ∈ R we have:
diam(Xt(AM )) = max
x1,y1∈AM
d(Xt(x1),X
t(y1))
≤ max
x,y∈A
ρt−[t]((φ
[t](x), t− [t]), (φ[t](y), t− [t]))
= max
x,y∈A
((1− t+ [t])ρ(φ[t](x), φ[t](y)) + (t− [t])ρ(φ[t]+1(x), φ[t]+1(y))).
Where [t] is the greatest integer less than t. But since for all x, y ∈ A it holds
φ[t](x), φ[t](y) ∈ φ[t](A) and φ[t]+1(x), φ[t](y) ∈ φ[t]+1(A) ,
we get
diam(Xt(AM )) ≤ (1− t+ [t])δ + (t− [t])δ = δ.
Since Xt is cw-expansive, there is (x, 0) such that AM ⊂ X
(−ε,ε)(x). Moreover since 0 < ε < 12
and AM ⊂M ×{0} we obtain AM = {(x, 0)}, and so A = {x}. Therefore, φ is cw-expansive.
Next suppose that the suspension φ is cw-expansive. Consider in M the metric given by
ρ′(x, y) = min{ρ(x, y), ρ(φ(x), φ(y))}
and let δ > 0 be the cw-expansivity constant to ρ′. Let ε > 0 and δ′ = min{δ, ε, 14}. Let
A ⊂ Mf be a continuum and α ∈ H(A) so that diamX
t
α(A) < δ
′ ∀t ∈ R. We consider two
cases: (1) xα can be represented as (y1,
1
2) and (2) xα can be represented as (
1
2 , y1).
In the first case, define AM = {a ∈M ; (a, s) ∈ A com s ∈ (0, 1)}. Then
diam(AM ) = max
y,z∈AM
ρ′(y, z)
≤ max
(y,s),(z,r)∈A
d((y, s), (z, r))
= diam(A) < δ′ < δ.
By definition of suspension we have that X1(xα) has representation (φ(y1),
1
2), and since
diamX 1α(A) < δ <
1
4 we get that X
α(y)(1)(y) has representation (φ(y), s) with s ∈ (0, 1)
∀y ∈ A. So,
diam(φ(AM )) = max
y,z∈AM
ρ′(φ(y), φ(z))
≤ max
(φ(y),s),(φ(z),r)∈X 1α(A)
d((φ(y), s), (φ(z), r))
= diam(X 1α(A)) < δ
′ < δ.
Similarly, diam(φn(AM )) < δ ∀n ∈ Z. Since φ is cw-expanse we get AM = {y1}, and so, every
point in A has the form (y1, t) with t ∈ (0, 1). Since (y1,
1
2) = xα ∈ A and diam(A) < δ
′ < ε,
we conclude that |t− 12 | < ε, ie, A ⊂ X
−ε,ε(xα), finishing the proof in the first case.
When xα does not have a representation as (y1,
1
2) then X
r(xα) has representation as (y1,
1
2 )
for some |r| < 12 . Define A˜ = X
r
α(A) and for each x ∈ A and t ∈ R set
α˜(Xr(x))(t) = α(x)(t + r)− α(x)(r).
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We have that A˜ is a continuum and α˜ ∈ H(A˜). Moreover, for every t ∈ R, it holds
diam(X tα˜(A˜)) = max
x,y∈A˜
d(Xα˜(x)(t)(x),Xα˜(y)(t)(y))
= max
x,y∈A
d(Xα(x)(t+r)−α(x)(r)(Xα(x)(r)(x)),Xα(y)(t+r)−α(y)(r)(Xα(y)(r)(y))
= max
x,y∈A
d(Xα(x)(t+r)(x),Xα(y)(t+r)(y))
= diam(X t+rα (A)) < δ.
By the first case, we obtain
A˜ ⊂ X(−ε,ε)(xα˜) = X
(−ε,ε)(Xr(xα)),
and therefore,
A = X−r(A˜) ⊂ X(−ε,ε)(xα).
All together completes the proof of Theorem 3.2.

4. Pairs of cross-sections families
In this section we consider a cw-expansive flow Xt on M and define stable and unstable
sets for subsets A ⊂M . The goal is to extend to this context [KS, Theorem 2.7], establishing
that locally these sets defined for points of M intersect at a unique point. To do so we use
the notation introduced by Keynes and Sears in [KS] and start recalling the definition of
δ-adapted family of cross-sections.
A set S ⊂ M is a cross-section of time ε > 0 if it is closed and for each x ∈ S we have
S ∩X(−ε,ε)(x) = {x}. The interior of S is the set S∗ = int(X(−ε,ε)(S)) ∩ S.
The proof of the next lemma can be found in [KS, Lemma 2.4] as well in [BW, Lemma 7].
Lemma 4.1. There is ε > 0 such that for each δ > 0 we can find a pair (S,T ) of finite
families S = {S1, ..., Sn} and T = {T1, ..., Tn} of local cross-sections of time ε > 0 and
diameter at most δ with Ti ⊂ S
∗
i (i ∈ {1, ..., k}) such that
M =
k⋃
i=1
X [0,ε](Ti) =
k⋃
i=1
X [−ε,0](Ti) =
k⋃
i=1
X [0,ε](Si) =
k⋃
i=1
X [−ε,0](Si).
Definition 4.2. A pair of families of cross-sections (S,T ) as in the previous theorem is called
δ-adequated .
Given a pair of δ-adequated cross sections (S,T ) let
(1) θ = sup{δ > 0;∀x ∈
k⋃
i=1
Si it holds X
(0,δ)(x) ∩
k⋃
i=1
Si = ∅} .
Let ρ > 0 satisfying 5ρ < ε and 2ρ < θ. And for each Si consider D
i
ρ = X
(−ρ,ρ)(Si) and
define the projection
(2) P iρ : D
i
ρ → Si
by P iρ(x) = X
t(x), were Xt(x) ∈ Si for |t| < ρ. Let
1
2θ > ε0 > 0 be such that if x, y ∈ Si,
d(x, y) < ε0 and t is a real number with |t| < 3δ and X
t(x) ∈ Tj , then X
t(y) ∈ Djρ.
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Let φ :
⋃k
i=1 Ti →
⋃k
i=1 Ti be the first return map defined as φ(x) = X
t(x) where t > 0 is
the smallest positive number such that Xt(x) ∈
⋃k
i=1 Ti. Note that t ∈ [θ, ε].
PSfrag replacements
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Figure 2.
If x ∈ Ti and y ∈ Si with d(x, y) < ε0 let {yx0 , ..., y
x
n} ⊂ OX(y) such that y
x
0 = y and
yxj = P
l
ρ(X
t(yxj−1)), where t > 0 is the smallest positive time such that φ
j(x) = Xt(φj−1(x)),
and l is such that φj(x) ∈ Tl. We can continue this construction while d(φ
j(x), yj) < ε0.
Similarly to j < 0.
The stable and unstable sets of points is defined in the following way. If x ∈ Ti and η < ε0,
the η-estable set of x is is defined as
W sη (x) = {y ∈ Si; d(φ
i(x), yi) < η ∀i ≥ 0}
and the η-instable set of x is defined as
W uη (x) = {y ∈ Si; d(φ
i(x), yi) < η ∀i ≤ 0} .
Theorem 2.7 in [KS] establishes that a flow Xt is expansive if, and only if, given a pair
(S,T ) δ-adequate, there is an η > 0 such that W sη (x) ∩W
u
η (x) = {x} for every x ∈
⋃k
i=1 Ti,.
To extend this result in the context of cw-expansive flows, we first introduce the notion of
stable and unstable sets of pair of δ-adapted cross sections. For this, let A ⊂ Sj and x ∈ A∩Tj .
If diamA < 12ε0 then X
t(A) ⊂ Diρ, where t and i are such that X
t(x) = φ(x) ∈ Ti. Define
φ(A, x) = {P iρ(X
t(y)); y ∈ A} ⊂ Si.
Fix n ∈ N. If φn(A, x) is defined with diam(φn(A)) < ε0 and φ
n(x) ∈ T i, then Xt(φn(A)) ∈
Dlρ, where t and l are such that X
t(φn(x)) = φn+1(x) ∈ T l. Define
φn+1(A, x) = P lρ(X
t(φn(A)).
Definition 4.3. For ε0 > η > 0 define the local stable and unstable sets with respect to
(T ,S) by
W sη (S,T ) = {A ∈ C(M); there is x ∈ A such that diam(φ
n(A, x)) < η ∀n ≥ 0} ,
W uη (S,T ) = {A ∈ C(M); there is x ∈ A such that diam(φ
n(A, x)) < η ∀n ≤ 0} .
Here, recall that C(M) is the set of compact and connected sets of M .
CONTINUUM-WISE EXPANSIVITY AND ENTROPY FOR FLOWS 9
PSfrag replacements
A
x
A0
φN (A, x)
A1
y
φN (x)
A1,1
φN (y)
A0,0
φN (A0)
A0,1
A1,0
φN (A1, y)
Figure 3.
Theorem 4.4. A flow Xt is cw-expansive if, and only if, given a pair (S,T ) δ-adequate there
is an η > 0 such that
W sη (S,T ) ∩W
u
η (S,T ) = {A ⊂M ;#A = 1}.
Proof. Suppose that Xt is cw-expansive. Let a ∈ (0, ε) be given and a1 > 0 be the cw-
expansive constant. Let η ∈ (0, ε0) be such that if p ∈ Ti and q ∈ Si, i ∈ {1, ..., k}, with
d(p, q) < η, then d(Xt(p),Xs(q)) < a12 where, if X
t1(p) = φ(p) and Xs1(q) = q1, then
t ∈ [0, t1] and s ∈ [0, s1] and |s − t| ≤ |s1 − t1|. Suppose A ⊂ W
s
η (S,T ) ∩W
u
η (S,T ), and
let xs ∈ A be given by the definition of W
s
η (S,T ) and xu be given by the definition of
W uη (S,T ) and fix x ∈ A. Define t0 = 0, and t1 > 0 as the time that X
t1(x) ∈ φ(A, xs) and
t1 ∈ (r1−ρ, r1+ρ) with r1 the smallest positive time such that φ(xs) = X
r1(xs). If tn and rn
are well defined, we define tn+1 as the real positive number such that X
tn+1(x) ∈ φn+1(A, xs)
and tn+1 ∈ (
∑n
i=1 ri − ρ,
∑n
i=1 ri + ρ) with rn+1 the smallest positive real number such that
φn+1(xs) = Xrn+1(φn(xs)). Similarly, we can define tn for n < 0. For each y ∈ A we can,
with the same process, find a real number sequence syn. Define then α(y) by α(y)(tn) = sn
and linearly on each interval (tn, tn+1).
Then for each t ∈ R and y ∈ A we have t = tn + σ = s
y
n + σy, where σ ∈ [0, tn+1 − tn],
σy ∈ [0, s
y
n+1 − s
y
n] and
|σ − σy| ≤ |(tn+1 − tn)− (s
y
n+1 − s
y
n)|,
for any n ∈ Z. Therefore,
diam(X tα(A)) = max
y,z∈A
d(Xα(y)(t)(y),Xα(z)(t)(z))
≤ max
y,z∈A
(d(Xα(y)(t)(y),Xt(x)) + d(Xt(x),Xα(y)(t)(y)))
≤ 2max
y∈A
d(Xα(y)(t)(y),Xt(x))
< 2
a1
2
= a1.
By the choice of a1 we have that A ⊂ X
(−a,a)(x), and since a < ρ and A is inside a cross
section we conclude that A = {x}.
To prove the reverse implication, suppose that given a pair (T ,S) and ρ > 0, there is η > 0
such that
W sη (S,T ) ∩W
u
η (S,T ) = {A ⊂M ;#A = 1}.
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Given ε > 0, let 0 < a1 < min{
η
2 , ε}. We shall prove that there is σ > 0 such that if
A ⊂ M is a continuum and α ∈ H(A) with A 6⊂ X(−a1,a1)(xα) then there is t ∈ R such that
diam(X tα(A)) > σ. For this we split the proof into cases.
Case 1: A ⊂ S ∈ S, with the guide point xα ∈ T . For each y ∈ A let t0 = s
y
0 = 0 and if
i > 0 define ti+1 = ti+ t and s
y
i+1 = s
y
i + s where t and s are the smallest positive times such
that Xti+1(φi(xα)) = φ
i+1(xα) and X
si+1(yxαi ) = y
xα
i+1. Similarly for i < 0.
Choose δ0 ∈ (0, ε− δ− ρ) and positive numbers, a2 < a1, and a3, a4 > 0 such that if u ∈ Ti
and v ∈ Si then it holds
(1) d(u, v) < a1 implies d(u,X
t(v)) > a1 for all |t| ∈ [δ0, ε];
(2) d(u, v) < a2 implies d(φ(u), v1) < a1;
(3) d(u, v) ≥ a2 implies d(u,X
t(v)) > a3 for all |t| < δ;
(4) If x, y ∈M and d(x, y) < a4 then d(X
t(x),Xt(y)) < a1 for all |t| < δ.
Let a′ = min{a2, a3, a4}. In this case, we will prove that a
′ is a cw-expansive constant to Xt.
For this we proceed as follows.
(a): Suppose that for each i ∈ Z we have
sup
y∈A
|α(y)(ti)− si| < δ.
By hypothesis, there is n ∈ Z such that diamφn(A) > η. Take then y ∈ A such that
d(φn(xα), yn) >
η
2 . Therefore,
d(Xtn(xα),X
sn(y)) >
η
2
> a1 > a2 .
And by (3) we get
diamX tnα (A) > d(X
tn(xα),X
α(y)(tn)(y) > a3 ≥ a
′;
(b): Suppose that j ∈ Z is the integer with smallest modulus such that
sup
y∈A
|α(y)(tj)− sj| ≥ δ.
We can assume j > 0. Let y ∈ A be such that |α(y)(tj)− sj| ≥ δ.
(b.1): Suppose there is i ∈ [0, j) such that
d(φi(x), yi) > a2.
Since Xtn(xα) and X
α(y)(tn)(y) belong to X tnα (A), reasoning as in (a), we get
diamX tnα (A) ≥ d(X
tn(xα),X
α(y)(tn)(y) > a3 ≥ a
′.
(b.2): Suppose that for all i ∈ [0, j) we have
d(φi(x), yi) ≤ a2 < a1.
(b.2.1): Suppose t = syj − α(y)(tj) ≥ δ. If α(tj) ≥ sj−1 − δ0, then
δ0 ≤ t ≤ sj − sj−1 + δ0 < δ + ρ+ δ0 < ε
and by (1),
diamX
tj
α (A) ≥ d(X
tj (xα),X
α(y)(tj )(y))
= d(Xtj (xα),X
(sj−t)(y)) > a1.
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If α(tj) < s
y
j−1− δ we can find t
′ ∈ (tj−1, tj) such that α(y)(t
′) = sj−1− δ0. Then, for
ζ = t′ − tj−1, (1) implies that
d(Xtj−1(xα),X
s
y
j−1
−δ0−ζ(y) > a1.
Therefore, by (4),
diam(Xt
′
(A)) ≥ d(Xt
′
(xα),X
α(y)(t′)(y))
= d(Xtj−1+ζ(xα),X
s
y
j−1−δ0(y))) > a4.
(b.2.2): Suppose t = α(y)(tj)− s
y
j ≥ δ0. Since
syj−1 + δ ∈ [α(y)(tj−1), s
y
j + δ0),
there is t′ ∈ (tj−1, tj ] with α(y)(t
′) = syj + δ0. Let ζ = tj− t
′. As d(Xtj (xα),X
sj (y)) <
a1, (4) implies that
d(Xtj (xα),X
ζ+δ0(Xs
y
j (y))) > a1.
Therefore,
diamX t
′
α (A) ≥ d(X
t′(xα),X
α(y)(t′)(y))
= d(Xtj+ζ(xα),X
sj+δ0(y)) > a4 > a
′.
Case 2: Now suppose that A is not inside a cross-section of S. Since Xt is continuous and⋃k
i=1 Ti is compact, we can take δ1 > 0 and a5 > 0 such that if d(x, y) < a5 then (1) and (2)
below holds.
(1) d(Xt(x),Xs(y)) < a
′
2 , where t > 0 is the smallest positive integer such that X
t(x) ∈⋃k
i=1 Ti, X
s(y) = Diρ(X
t(y)) and |t− s| < δ116 ;
(2) d(Xw(x),Xv(y)) < a
′
2 , for all |w|, |v| ≤ δ1 + δ and |v − w| ≤ δ1.
Let a6 > 0 be such that if d(x, y) ≤ a6 then d(X
t′(x),Xt
′+t(y)) > a6 for |t| ∈ (
δ1
16 , ε) and
|t′| < δ.
Take 0 < a7 < a5 such that the connected component of O(x) ∩ Ba7 that contains X
t(x)
is contained in X(−a5,a5)(x).
Now suppose that A is not contained in X(−a5,a5)(xα), and let t be the smallest positive
time such that Xt(xα) ∈
⋃k
i=1 Ti.
(a): Suppose that ∀y ∈ A, |α(y)(t) − s| < δ18 . Since A is compact there is 0 < δ
′ < δ14
such that
sup
y∈A
|α(y)(t + t′)− s| <
δ1
4
for all |t′| ≤ δ′. Define for each y ∈ A a homeomorphism β(y)(t) = α(y)(t′ + t)− s for
|t′| ≥ δ′, β(y)(0) = 0 and linearly on (0, δ′). Thus, for all y ∈ A, and all |t′| < δ′ we
get
β(y)(t′)− t′| ≤
δ1
4
+ δ′ <
δ1
2
.
By (1) and (2), for every |t′| < δ′ we have
d(Xt+t
′
(xα),X
s+β(y)(t′)(y)) <
a′
2
.
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(b): Suppose that there exists y0 ∈ A such that |α(y0)(t)−s| ≥
δ1
8 . Then |α(y0)(t)−t| ≥
δ1
16 and there is t
′ ≤ t such that |α(y0)(t
′)− t′| = δ116 . Then,
diam(X t
′
α (A)) ≥ d(X
t′(xα),X
α(y0)(t′)(y0))
= d(Xt
′
(xα),X
t′±
δ1
16 (y0)),
If d(Xt
′
(xα),X
t′±
δ1
16 (y0)) > a6, then we are done. Otherwise, by the choice of a6, we
get d(xα, y0) > a6, which implies that diam(A) > a6.
Therefore, σ = min(a′, a6, a7) is a cw-expansive constant to X
t relative to ε.

Roughly speaking, the next result shows that the local stable and unstable sets of pair
(S,T ) of δ-adequate families of cross-sections for cw-expansive flows behave as local stable and
unstable sets of points when the flow is expansive, for all points in a continuum A ∈W sη (S,T ).
Theorem 4.5. Let Xt be a cw-expansive flow. Then
(a) if A ∈W sη (S,T ) then ∀x ∈ A, diam(φ
n(A, x))→ 0 when n→ +∞;
(b) if A ∈W uη (S,T ) then ∀x ∈ A diam(φ
n(A, x))→ 0 when n→ −∞.
Proof. If (a) is not true then there are A ⊂W sη (S,T ), x ∈ A and δ0 > 0 so that diam(φ
ni(A, x)) ≥
δ0 for an increasing sequence of integers {ni}. Thus, for each i, there is y(i) ∈ A such
that d(φni(x), y(i)ni) ≥
δ0
2 . Recall that y(i)ni ∈ φ
ni(A, x). There is no loss assuming
φni(x) → a ∈ Tj and y(i)ni → b ∈ Sj with a 6= b. Since C(
⋃k
i=1 Si) is compact, [N], we
can suppose limn→∞ φ
ni(A, x) → B ⊂ Sj. Since a, b ∈ B, and a 6= b, B does not reduce to a
unique point and hence, for a fixed k ∈ Z we have that
diam(φk(B, a)) = max
c,d∈B
d(cak, d
a
k)) .
Fix cak, d
a
k ∈ φ
k(B, a). Thus, there are sequences of points {c(i)} and {d(i)} in A such
that c(i)ni → c and d(i)ni → d. Since φ
ni+k(x) → φk(a), [KS, lemma 2.9] implies that
c(i)xni+k → c
a
k and d(i)
x
ni+k
→ dak. Furthermore, since for all i it holds
d(c(i)xni+k, d(i)
x
ni+k) ≤ diam(φ
ni+k(A, x)) ≤ η ,
we get d(cak, d
a
k) ≤ η and as c, d are arbitrary, we obtain
diam(φk(B, a)) < η.
This is true for every k ∈ Z and hence B ∈W sη (S,T )∩W
u
η (S,T ). This leads to a contradiction
because Xt is cw-expansive and B does not reduce to a point.
Similarly we prove (b).

Theorem 4.5 motivates the following definition.
Definition 4.6. The stable W s(S,T ) and unstable W u(S,T ) sets of a δ-adequate pair of
cross sections (S,T ) are defined as
W s(S,T ) = {A ∈ C(M);∃ x ∈ A ∩
k⋃
i=1
Ti and diam(φ
n(A, y)
n→+∞
−→ 0, ∀y ∈ A}
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W u(S,T ) = {A ∈ C(M);∃ x ∈ A ∩
k⋃
i=1
Ti and diam(φ
n(A, y)
n→−∞
−→ 0, ∀y ∈ A}.
Here C(M) is the set of all continuum subsets of M .
5. Entropy for flows
In this section we define a notion of topological entropy for δ-adequate pairs of cross-sections
and relate this notion with the topological entropy of the flow.
Next we review the definition of topological entropy for flows given in [B1, B2, B3]. Given
subsets E,F ⊂M , we say that E (t, δ)-spans F if for all x ∈ F there is e ∈ E such that
d(Xs(e)Xs(x)) ≤ δ, ∀s ∈ [0, t].
Let rt(F, δ) be the smallest cardinality of a (t, δ)-spanning set for F . If F is compact, then
rt(F, δ) is finite. Define
h(Xt|F, δ) = lim sup
s→∞
1
t
log rs(F, δ).
The topological entropy of Xt on F is defined as
h(Xt|F ) = lim
δ→0
h(Xt|F, δ).
Given E,F ⊂M , we say that E (t, γ)-weakly spans F , if for every x ∈ F , there are e ∈ E
and h ∈ Hom(R, 0) such that for every s ∈ [0, t] it holds
d(Xh(s)(x),Xs(e)) ≤ δ.
Let Rt(F, γ) be the smallest cardinality of a (t, γ)-weakly spanning set for F , and define
H(Xt|F, γ) = lim sup
t→∞
1
t
logRt(F, γ).
Define H(Xt|F ) = limδ→0H(X
t|F, γ). If F = M we use the notation H(Xt|M) = H(Xt)
and h(Xt|M) = h(Xt).
In [T, theorem 10], it is proved that IfXt is a flow without fixed points thenH(Xt) = h(Xt).
Definition 5.1. We say h(Xt) is the topological entropy of the flow Xt.
Next we shall define entropy for pairs (S,T ) of δ-adequate cross sections. For this, we start
defining spanning and separate sets for (S,T ).
Fix a pair (S,T ) of δ-adequate cross sections. Given γ > 0, we say that a set E ⊂
⋃k
i=1 Ti
is a (n, γ)-spanning for (S,T ) if for all x ∈
⋃k
i=1 Ti there exists e ∈ E such that
d(φi(x), exi ) < γ ,∀ i ∈ {0, ..., n}.
Let r′(n, γ) be the smallest cardinality of (n, γ)-spanning sets and define
(3) H ′((S,T ), γ) = lim sup
n→∞
1
n
log r′(n, γ), H ′((S,T )) = lim
γ→0
H ′((S,T ), γ).
We say that E ⊂
⋃k
i=1 Ti is a (n, γ)-separated if for all x, y ∈ E, either y
x
i is not defined
for some i ∈ {0, ..., n} or there exists i ∈ {0, ..., n} such that
d(φi(x), yxi ) ≥ γ.
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Let s′(n, γ) be the largest cardinality of (n, γ)-separated sets and define
(4) s′((S,T ), γ) = lim sup
n→∞
1
n
log s′(n, γ), s′((S,T )) = lim
γ→0
s′((S,T ), γ).
Lemma 5.2. Let Xt be a without fixed point flow and (S,T ) be a pair of δ-adequate cross
sections for Xt. Then for all γ > 0 we have R′(n, γ) ≤ s′(n, γ) ≤ R′(n, γ2 ).
Proof. Let E be a largest (n, γ)-separated set and suppose that is not a (n, γ)-spanning. Thus
exists x ∈
⋃k
i=1 Ti such that if e ∈ E then there is i ∈ {0, ..., n}
d(φi(x), exi ) ≥ γ.
then, E ∪ {x} is a (n, γ)-separated set, leading to a contradiction. Then
R′(n, γ) ≤ s′(n, γ).
To prove the other inequality, let E be a (n, γ)-separated and F be a (n, γ2 )-spaning set. Then
∀x ∈
⋃k
i=1 Ti we can take g(x) ∈ F such that
d(φi(x), g(x)xi ) <
γ
2
∀i ∈ {0, ..., n}. If g(x) = g(y) x, y, g(x) ∈ Tj for some j ∈ {1, ..., k}, and g(x)
x
i = g(y)
y
i
∀i ∈ {0, ..., n}. The last statement is easy to proof by induction: if for i0 < n is true that
∀i ∈ {0, ..., i0} g(x)
x
i = g(y)
y
i then if g(x)
x
i0+1
6= g(y)yi0+1 ou x
y
i0+1
is not defined or yxi0+1 is
not defined, absurd, because
d(φi0(x), φi0(y)) ≤ d(φi0(x), g(x)i0x ) + d(φ
i0(y), g(y)i0y ) < γ.
Thus, ∀i ∈ {0, ..., n} we have
d(φi(x), φi(y)) ≤ d(φi(x), g(x)xi ) + d(φ
i(y), g(x)yi ) < γ.
Since E is (n, γ2 )-separated and g restricted to E is injective we obtain that #E ≤ #F and
s′(n, γ) ≤ R′(n, γ2 ), finishing the proof. 
Corollary 5.3. H ′((S,T )) = s′((S,T )).
Definition 5.4. H ′((S,T )) is, by definition, the topological entropy of the δ-adequate pair
of cross sections (S,T ).
Theorem 5.5. Let Xt be a flow without fixed points and (S,T ) be a δ-adequate pair of cross
sections. If H ′(S,T ) > 0 then h(Xt) > 0.
Proof. Fix δ > 0 such that s′((S,T ), δ) > H
′(S,T )
2 > 0. Fix n ∈ N, consider E ⊂
⋃k
i=1 Ti
maximal (n, γ)-separated set for (S,T ). Since X [0,nε](x) cross at least n cross-sections T ′is
for each x, there is γ > γ′ > 0 such that E is a (nε, γ′)-separated set for the flow Xt. Thus,
s′(nε, γ′, (S,T ) ≤ s(nε, γ,Xt). Here s′(nε, γ′, (S,T ) is the maximal cardinality of (nε, γ)-
separated sets of (S,T ) and s(nε, γ,Xt) is the maximal cardinality of (nε, γ)-separated sets
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of Xt. Then,
s(γ,Xt) = lim sup
u→∞
s(u, γ,Xt)
≥ lim sup
n→∞
s(nε, γ,Xt)
≥ lim sup
n→∞
s′(nε, γ, (S,T ))
= s′(γ, (S,T ))
>
H ′((S,T ))
2
.
Therefore, h(Xt) = limγ→0 s(γ,X
t) > 0. 
6. Entropy for cw-expansive flows
In this section we prove our main theorem. First we need to prove some technicals results.
Lemma 6.1. Let Xt be a cw-expansive flow with η as expansive constant. For all ε0 ∈ (0,
η
2 ],
there is δ0 > 0 such that if A ∈ C(
⋃k
i=1 Si), x ∈ A ∩
⋃k
i=1 Ti, diam(A) ≤ δ0 and if there is
n > 0 such that
sup{diam φi(A, x); i = 1, ..., n} ∈ [ε0, 2ε0]
then diam(φn(A, x)) ≥ δ0.
Proof. The proof goes by contradiction. If the thesis fails, there are a sequence {Ai} of
connected and compact sets in
⋃k
i=1 Si, a sequence of points {xi} in Aj ∪
⋃k
i=1 Si and an
increasing sequence {ni} of natural numbers such that:
(1) diamAi <
1
i
, ∀i ∈ N;
(2) sup{diam φi(Ai, xi); i = 1, ..., ni} ∈ [ε0, 2ε0];
(3) diam(φni(Ai, xi)) <
1
i
.
By (1), for each i we can choose 0 < mi < ni so that diam(φ
mi(A, xi)) ∈ [ε0, 2ε0]. We will
prove that
lim
i→∞
mi = lim
i→∞
(ni −mi) =∞.(5)
Fix N > 0. By continuity, there is δ1 > 0 such that if x ∈
⋃k
i=1 Ti and y ∈
⋃k
i=1 Si satisfy
d(x, y) < δ1 then d(φ
n(x), yxn) < ε0 for all n ∈ {−N, ...,−1, 0, 1, ..., N}. Take i0 a natural
number sufficiently large such that 1
i0
< δ1. Then for all i > i0 we have that diam(Ai) < δ1
and diam(φni(Ai, xi) < δ1. Therefore,
diam(φj(Ai, xi) < ε0 and diam(φ
ni−j(Ai, xi) < ε0, ∀j ∈ {1, ..., N}.
Thus, mi) > N and ni −mi > N , and since that take N arbitrary, we proved 5.
We can assume limφmi(Ai, xi) → B and φ
mi(xi) → x ∈ B. Since diam(B) ≥ ε we have
that B is not degenerate. Fix an arbitrary integer n. Then for i sufficiently big we have
mi + n ∈ {0, ..., ni}. Therefore, for i sufficiently big, we have diam(φ
mi+n(Ai, xi)) < 2ε0. So,
by [KS, Lemma 2.9], we obtain
φmi+n(Ai, xi)→ φ
n(B,x).
Since n is arbitrary, we obtain that φn(B,x) < 2ε0 < η for all n ∈ Z which leads to a
contradiction to the fact of Xt be cw-expansive. 
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Lemma 6.2. Let Xt be a cw-expansive flow and ε0 and δ0 as the previous lemma. If A ∈
C(
⋃k
i=1 Si), A ∩
⋃k
i=1 Ti 6= ∅ such that diamA < δ0 and for some integer m and x ∈ A
diamφm(A) ≥ ε0. Then,
(1) If m ≥ 0 then diamφn(A, x) ≥ δ0 for all n ≥ m. More precisely, there is a continuum
B ⊂ A, with x ∈ B such that
sup{diamϕj(B,x); j = 1, ..., n} ≤ ε0
e diamφn(B,x) = δ0;
(2) If m < 0 then diamφ−n(A, x) ≥ δ0 for all n ≥ −m. More precisely, there is a
continuum B ⊂ A, with x ∈ B such that
sup{diam φ−j(B,x); j = 1, ..., n} ≤ ε0 and diam φ
−n(B,x) = δ0.
Proof. Let m ≥ 0. By [N], there is an arc c : [0, 1] → C(
⋃k
i=1 Si) from {x} to A such that if
r ≤ s then c(r) ⊂ c(s). Fix n ≥ m. Define a map F : [0, 1]→ [0,∞] by
F (r) = sup{diam φj(c(r), x); j = 0, 1, ..., n}.
Take r0 ∈ [0, 1] such that r0 ∈ F
−1(ε0). By Lemma 6.1,
diamφn(A, x) ≥ diamφn(c(r0)) ≥ δ0.
Define D : C(c(r0)) → [0,∞] by D(C) = diamφ
n(C). Since C(r(a0)) is connected, D
−1(δ0)
is non-empty and therefore, all B ∈ D−1(δ0) satisfies diamφ
n(B,x) = δ0 and
sup{diam φj(B,x); j = 1, ..., n} ≤ ε0.
Similarly we prove for m ≤ 0.

Corollary 6.3. Let Xt be a cw-expansive flow, δ0 and ε0 as in Lemma 6.1. Then, for each
γ > 0 there exists N > 0 such that if A ⊂
⋃k
i=1 Si is a continuum with A ∩
⋃k
i=1 Ti 6= ∅
and diamA ≥ γ, then for all x ∈ A ∩
⋃k
i=1 Ti either diamφ
n(A, x) ≥ δ0 for all n ≥ N or
diamφ−n(A, x) ≥ δ0 for all n ≥ N .
Lemma 6.4. Let Xt be a cw-expansive flow and (S,T ) be a δ-adequate pair of cross sections.
If there is a cross section Ti with topological dimension greater than zero, then there exists a
non degenerated continuum A ⊂ Si such that either A ∈W
s(S,T ) or A ∈W u(S,T ).
Proof. Let C ⊂ Ti0 be a continuum non degenerated, with diamC ≤ δ0. Suppose that any
C ′ ⊂ C continuum in C does not belong to W sε (S,T ). Choose a sequence of connected and
compact sets
C1 ⊂ C2 ⊂ ... ⊂ Cn ⊂ ...,
and a sequence of natural numbers n(1) < n(2) < ..., such that diamCi → 0, Ci → x, x ∈ Ci
for all i,
sup{diam φj(Ci); j = 0, 1, ..., n(i)} ≤ ε0
and diamφn(i)(Ci) ≤ δ0 for all i. We can suppose that φ
n(i)(x) → x0 ∈ Tj0 and φ
n(i)(Ci) →
A ∈ Sj0 for some j0 ∈ {1, ..., k}. So diamA ≥ δ0. Given n ∈ N, [KS, Lemma 2.9] implies that
φn(i)−n(Ci, x) → φ
−n(Ai, x0), and since diamφ
n(i)−n(Ci, x) < ε0 for all i, diamφ
−n(A, x0) <
ε0. Since n is arbitrary, we obtain A ∈W
u
ε (S,T ).

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Next we give a sketch of the proof of Theorem B. Fix δ1 > 0 small. Given a δ-adequated
pair (S,T ) of cross sections, we want to exhibit l ∈ N (independent of δ1) such that for each
m ∈ N there is a (ml, δ13 )-separated set E for (S,T ), with 2
m points. Since the topological
dimension ofM is greater than 1, there is a cross-section Ti with topological dimension greater
than 0. Lemma 6.4 implies that there is a compact and connected set A ∈W uη (S,T ), A ⊂ Ti,
and by Lemma 6.2 we can assume that diamA = δ13 . Fix a natural number m. By Corollary
6.3 and Lemma 6.2 we can find two connected and compact sets A1 and A0 in φ
N (A, x) such
that d(A1, A0) ≥
δ1
3 , and diam(Ai1) =
δ1
3 , for i1 = 0, 1.
We would like to repeat this process with A1 and A2. If so, we would find a finite collection
{(Ai1,i2,...,ij , ai1,i2,...,ij)} with ik ∈ {0, 1}, and j ≤ m, such that:
• ai1,...,ik ∈ Ai1,...,ik with Ai1,...,ik compact, connected subsets of φ
N (Ai1,...,ik−1, ai1,...,ik−1)
satisfying
diam(Ai1,...,ik) =
δ1
3
and d(Ai1,...,ik−1,0, Ai1,...,ik−1,1) ≥
δ1
3
;
• Ai1,...,ij ∈W
u
η (S,T ).
Thus, for each Ai1,...,im we could choose a point b(i1, ..., im) ∈ Ai1 such that
• ci(1) = b(i1, ..., im)
ai1
N ∈ Ai1,i2 ;
• ci(j) = c(j − 1)
ai1,...,ij
N ∈ Ai1,...,ij+1 for j ≤ m− 1.
Then the E = {bi1,...,im, ik ∈ {0, 1}, 1 ≤ k ≤ m} is (mN,
δ1
3 )-separated for the δ-adequate pair
of cross-sections ({T}, {S}). In this case, l = N .
But it is not always possible to repeat the above argument. In fact, for Ai1 ⊂ (
⋃
Sj) \ (
⋃
Tj)
there are no points in Ai1 ∩
⋃
Tj, and so Ai1 ∩Dom(φ) = ∅.
PSfrag replacements
T 1
S1
T 2
S2 S3
T 3
Figure 4.
To bypass this difficulty, we reason with 3 pairs of δ-adequate families of cross-sections:
({T 1i }, {S
1
i }), ({T
2
i }, {S
2
i }), ({T
3
i }, {S
3
i }),
such that for all i ∈ {0, ..., k}, T 1i = T
2
i , T
3
i = S
1
i , S
2
i = S
3
i , (observe T
1
i ⊂ T
2
i ⊂ S
3
i ).
This strategy leads to consider, besides the first return map φ above, three other first
return maps φ1, φ2 and φ3 relative to the distinct pairs of δ-adequate cross sections (S
1,T 1),
(S2,T 2) and (S3,T 3). Further, we shall define an auxiliary map ϕ :
⋃
T 3j →
⋃
T 1j such that
even if Ai1∩Dom(φ1) = ∅ we get that Ai1 ⊂ φ1(A, x) ⊂ Dom(ϕ), and this allow us to continue
with the argument.
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Since (Si,T i), i = 1, 2, 3 are finite families of compact sets there exists k ∈ N such that
for each z ∈ (
⋃
S2j ) there is r ∈ {1, ..., k} with ϕ(A, z) = φ
r
3(A, z). Therefore, reasoning as
before we find a (lm, δ13 )-separated set for (S
3,T 3), and in this case we put l = kN . Next we
formalize this in the proof of our main result.
Theorem B. If Xt is a cw-expansive flow in compact metric space M with topological di-
mension greater than 1 then the entropy h(Xt) of the flow is positive.
Proof. Take 3 pairs of δ-adequate families of cross-sections (T j,Sj), 1 ≤ j ≤ 3,
(T j,Sj) = {({T ji }, {S
j
i });T
j
i ∈ T
j , Sji ∈ S
j}
such that for all i ∈ {0, ..., k}, T 1i = T
2
i , T
3
i = S
2
i , S
1
i = S
3
i , (observe T
1
i ⊂ S
2
i ⊂ S
1
i ).
For x ∈
⋃k
i=1 S
2
i define ϕ(x) = X
t(x) where t > 0 is the smallest positive time such that
Xt(x) ∈
⋃k
i=1 T
1
i . Observe that t ∈ [θ3, ε] (where θ3 is defined as in (1) relative to the third
pair of δ-adequate cross-sections families). Let θ′ be the smallest positive time t such that any
point a ∈
⋃k
i=1 S
2
i satisfies X
(0,t)(a) ∩
⋃k
i=1 T
1
i 6= ∅. Note that the segment of orbit X
[0,θ3](x)
intersects cross sections of type T 3i in at most [
ε
θ′
] number of times. Hence ϕ(x) = φi1(x)
for some i ∈ {1, ..., [ ε
δ′
]} (where φ1 is the first return map associated to the pair of families
(T 1,S1) of cross-sections).
Let ε1 ∈ (0, ε0) be such that if x, y ∈ S
2
i and d(x, y) < ε1 and t is a real number with
|t| ≤ [ ε
δ′
] and Xt(x) ∈ T 1j , then X
t(y) ∈ Djρ. If x ∈ T 1i and y ∈ S
2
i with d(x, y) < ε1 define a
set of points {yxϕ,0, ..., y
x
ϕ,n} ⊂ O(y) with y
x
ϕ,0 = y and y
x
ϕ,l = P
l
ρ(X
t(yxϕ,l−1)), where t > 0 is the
smallest positive time such that ϕl(x) = Xt(ϕl−1(x)), and l is such that ϕj(x) ∈ Tl. Recall
that P lρ is the projection defined in (2). We can argue as above whenever d(ϕ
j(x), yj) < ε1.
Similarly for j < 0.
Take δ1 ∈ (0, δ0) such that if x ∈
⋃k
i=1 T
3
i and y ∈
⋃k
i=1 S
3
i then d(φ
i
3(x), y
x
i ) < ε1 for all
i ∈ {1, ..., [ ε
δ′
]}.
By Lemma 6.4 we can suppose that there exists a non degenerated compact and connected
set A ∈W uη (S
2,T 2) in some cross section T 1i , and by Lemma 6.2 we can assume that diamA =
δ1
3 . LetN be given at Corollary 6.3. Hence ifD ∈
⋃k
i=1 S
1
i is a compact and connected set with
D ∩
⋃k
i=1 T
1
i 6= ∅, diamD ≥
δ1
3 , then for all x ∈ D we have max{diam φ
j
1(D,x); |j| ≤ N} > η.
Hence, by Lemma 6.2 and the definition of ϕ, if D ∈ W uη (S
2,T 2) and diamD = δ13 , we get
that for all x ∈ D it holds diamϕN (D,x) ≥ δ1.
CONTINUUM-WISE EXPANSIVITY AND ENTROPY FOR FLOWS 19
Fix m ∈ N and x ∈ A. As diamϕN (D,x) ≥ δ1, Lemma 6.2 implies that there are two
connected and compact sets A1 and A0 in ϕ
N (A, x) such that d(A1, A0) ≥
δ1
3 and diam(Ai1) =
δ1
3 , for i1 = 0, 1. Choosing ai1 ∈ Ai1 we get that diamϕ
N (Ai1 , ai1) ≥ δ1 and so Lemma 6.2
implies that there are sets Ai1,0 and Ai1,1 contained in ϕ
N (Ai1 , ai1) such that diam(Ai1,i2) =
δ1
3
and d(Ai1,0, Ai1,1) ≥
δ1
3 , with i1, i2 ∈ {0, 1}.
Continuing this construction, we find a finite collection of sets {(Ai1,i2,...,ij , ai1,i2,...,ij)} with
ik ∈ {0, 1}, 1 ≤ j ≤ m, such that:
• Ai1,...,ik , are compact and connected subsets of ϕ
N (Ai1,...,ik−1, ai1,...,ik−1) with
diam(Ai1,...,ik) =
δ1
3
and d(Ai1,...,ik−1,0, Ai1,...,ik−1,1) ≥
δ1
3
;
• Ai1,...,ij ∈W
u
η (S
2,T 2).
For each Ai1,...,im pick a point b(i1, ..., im) ∈ Ai1 such that
• ci(1) = b(i1, ..., im)
ai1
ϕ,N ∈ Ai1,i2 ;
• ci(j) = c(j − 1)
ai1,...,ij
ϕ,N ∈ Ai1,...,ij+1 for j ≤ m− 1.
Claim 1. The set E consisting of all points bi1,...,im as above is (m[
ε
θ′
]N, δ13 )-separated for
the δ-adequate pair of families of cross-sections ({T 3i }, {S
3
i }).
Proof. Let bi1,...,im 6= bl1,...,lm and k the smallest natural number such that ik 6= lk. Then
cl(k − 1) ∈ Ai1,...,ik−1,lk and ci(k − 1) ∈ Ai1,...,ik−1,ik which implies
d(ci(k − 1), cl(k − 1)) ≥
δ1
3
.
Since cl(k − 1) = φ
M
3 (bl1,...,lm) and ci(k − 1) = φ
M
3 (bi1,...,im), for some M ∈ {1, ..., [
ε
θ′
]Nk} ⊂
{1, ..., [ ε
θ′
]Nm} the claim follows.
Now, Claim 1 implies that s′(mN ε
θ′
) ≥ 2m and so
s′({T3,S3},
δ1
3
) = lim sup
n→∞
1
n
log(s′(n,
δ1
3
))
≥ lim sup
m→∞
1
mN [ ε
θ′
] + 1
log(s′(mN [
ε
θ′
] + 1,
δ1
3
))
≥ lim sup
m→∞
m
mN [ ε
θ′
] + 1
log(2) =
1
N [ ε
θ′
]
log(2) > 0.
Thus H ′({T3,S3}) = s
′({T3,S3}) > 0 and Theorem 5.5 implies that h(X
t) > 0, finishing the
proof.

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